TRANSLATING THE CANTOR SET BY A RANDOM

RANDALL DOUGHERTY, JACK LUTZ, R. DANIEL MAULDIN, AND JASON TEUTSCH

ABSTRACT. We determine the constructive dimension of points in random
translates of the Cantor set. The Cantor set “cancels randomness” in the sense
that some of its members, when added to Martin-Lof random reals, identify a
point with lower constructive dimension than the random itself. In particular,
we find the Hausdorff dimension of the set of points in a Cantor set translate
with a given constructive dimension.

1. FRACTALS AND RANDOMS

We explore an essential interaction between algorithmic randomness, classical
fractal geometry, and additive number theory. In this paper, we consider the di-
mension of the intersection of a given set with a translate of another given set. We
shall concern ourselves not only with classical Hausdorff measures and dimension
but also the effective analogs of these concepts.

More specifically, let C denote the standard middle third Cantor set E, E}, and
for each number « let

(1.1) E_o ={z: cdimp{a} = a}

consist of all real numbers with constructive dimension o. We answer a question
posed to us by Doug Hardin by proving the following theorem: if 1 —log2/log3 <
a < 1 and r is a Martin-Lof random real, then the Hausdorff dimension of

(1.2) (C+7)NEq

is @« — (1 — log2/log3). From this result we obtain a simple relation between
the effective and classical Hausdorff dimensions of ([[C2); the difference is exactly
1 minus the dimension of the Cantor set. We conclude that many points in the
Cantor set additively cancel randomness.

We discuss some of the notions involved in this paper. Intuitively, a real is
“random” if it does not inherit any special properties by belonging to an effective
null class. We say a number is Martin-Lof random E, ﬁ,] if it “passes” all Martin-
Lof tests. A Martin-Ldf test is a uniformly computably enumerable (c.e.) sequence
E, [id] of open sets {Up}men with A(Un,) < 2™, where A denotes Lebesgue
measure [18]. A number z passes such a test if z & Ny, Uy,.

The Kolmogorov complexity of a string o, denoted K (o), is the length (in this
paper we will measure length in ternary units) of the shortest program (under a
fixed universal machine) which outputs o [§]. For a real number z, 2 | n denotes the
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first n digits in a ternary expansion of . Martin-Lof random reals have high initial
segment complexity B], indeed every Martin-Lof random real r satisfies lim,, K (r |
n)/n = 1. This fact conforms with our intuition that random objects do not
compress much.

We introduce a couple of classical dimension notions. Let £ C R"™. The diameter
of E, denoted |E|, is the maximum distance between any two points in E. We will
use card for cardinality. A cover G for a set E is a collection of sets whose union
contains F, and G is a d-mesh cover if the diameter of each member G is at most §.
For a number 3 > 0, the (B-dimensional Hausdorff measure of E, written H”(E),
is given by lims_.q H? (E) where

(1.3) H?(E) = inf { Z |G|ﬁ : G is a countable §-mesh cover of E} .
Geg

The Hausdorff dimension of a set E, denoted dimy(FE), is the unique number «
where the a-dimensional Hausdorff measure of E transitions from being negligible
to being infinitely large; if 3 < a, then H?(E) = oo and if 8 > «a, then H#(E) =0
[d,[15]. Let S5(E) denote the smallest number of sets of diameter at most & which
can cover E. The upper bozx-counting dimension E] of E is defined as

dimp(F) = limsup M.
6—0 - log 4
The effective (or constructive) [3-dimensional Hausdorff measure of a set E,
cHP(Ey), is defined exactly in the same way as Hausdorff measure with the restric-
tion that the covers be uniformly c.e. open sets B, Definition 13.3.3]. This yields
the corresponding notion of the effective (or constructive) Hausdorff dimension of
a set E, cdimy E. Lutz [10] showed

(1.4) cdimy E = sup{cdimp{z} : z € E},

and from work of Mayordomo [14](>) and Levin [@](<) (also see [d]) we have for
any real number x,
K
(1.5) cdimg{z} = liminf ’ [n)-
n—oo

Mayordomo and Levin prove their results in {0, 1}, but the results carry over to
the reals. We define the constructive dimension of a point = to be the effective
Hausdorff dimension of the singleton {z}. A further effective dimension notion, the
effective packing dimension [1l, 3] satisfies

e cdimp{z} = limsup @
n—oo

e cdimp C = dimyg C.

, and

Let us first note some simple bounds on the complexity of a point in the translated
Cantorset C+r={y: 3z €C) [y =x+r]}.

Theorem 1.1. Let x € C and let r be a Martin-Lof random real. Then
1 —dimp C < cdimp{z+r} < 1.
Proof. Given x and r, there is a constant ¢ such that for all n,

K[(z+7r)|n|+K(x|n)>K(r|n)+c
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Thus,
K
1> cdimp{z + r} = liminf Klz+r) 7]
n—oo n
K K
Z lim inf M — lim sup M

>1—cdimp{z} >1—cdimpC =1—dimgC. O

In Section Bl we will indicate how some points cancel randomness. We show that
for every r there exists an = such that the constructive dimension of z+r is as close
to the lower bound as one likes. Later we will show that for each r and number «
within the correct bounds, not only does there exist some x € C so that z 4 r has
constructive dimension «, but we will determine the Hausdorff dimension of the
set of all z’s with constructive dimension «. At this point let us give a heuristic
argument indicating what the Hausdorff dimension of this set might be.

Fix a number 1 — dimy C < o < 1, and following the notation in ([IT), let

<o = {z: cdimp{z} < a}.

From [10] (see also [d]), we know that the effective Hausdorff dimension of E<a
satisfies cdimy €< = dimy €< = . Since the upper box counting dimension of C
satisfies dimp C = dimy C E, Example 3.3|, we have dimy(C X £<4) = dimy C + «
E, Corollary 7.4]. Define f : R? — R? by

(1.6) f(z,y) = (y —z,y).

Then f is a bi-Lipschitz map and therefore preserves Hausdorff dimension ﬂa,
Lemma 1.8]. So, letting B = f~1(C x <,), we have dimg B = dimyC + a.
The vertical fiber of B at x, or set of points y such that (z,y) € B, is

(1.7) B, = (C+z)Né&qa.

Let v > dimpg C + a. By the Fubini type inequality for Hausdorff measures ﬂa,
Theorem 5.12], there is a positive constant b such that

0=H"(B) > b/HV*l(Bx) dH (z) = b/HV*l(Bx) dz.

So for Lebesgue measure a.e. z, HY " '[(C + x) N E<,] = 0. Therefore, for Lebesgue
measure a.e. x,
dimy[(C +2) N€<a] < a— (1 —dimu C).

We would like to turn this inequality into an equality for every Martin-Lof random
real z, but even showing that inequality holds for all Martin-Lof randoms is a
problem. This is because, in general, if one has a non-negative Borel measurable
function f and [ f(z) dz =0, then f(z) = 0 for Lebesgue measure almost every z,
but there may be Martin-Lof random z’s for which f(z) > 0. In Section H of this
paper, we more carefully analyze our particular situation to obtain the conjectured
upper bound.

2. SOME POINTS CANCEL RANDOMNESS

We begin with a simple example illustrating how points in the Cantor set can
counteract randomness. Let us briefly review some facts about the standard middle-
third Cantor set.
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(1) We may express any x € [0, 1] as a ternary expansion:

o0
Tn

371

n=1

r = . 012223 ... =

where each x,, € {0,1,2}. The Cantor set C consists of those x for which
the x,’s are all 0 or 2, and the half-size Cantor set %C consists of those x
for which the z,,’s are all 0 or 1.

(2) Any number in the interval [0, 2] can be written as a sum of two elements
of the Cantor set. Indeed 1C + 1C = [0,1] because the coordinates of any
ternary decimal can be written as 040, 0+ 1, or 1 + 1.

(3) The Hausdorff dimension and effective Hausdorff dimension of the Cantor
set agree (see [A, Theorem 1.4] and [18, Section 1.7.1]):

log 2
log 3

All the usual notions of dimension: Hausdorff, packing, upper and lower
Minkowski or box counting, agree on C [d].

~ 0.6309.

dimyg C = cdimg C =

Since the Cantor set contains the point 0, it is immediate that C 4+ r contains
points of constructive dimension 1 whenever r is Martin-L6f random. We now
present a simple construction which identifies points with lower constructive di-
mension.

2.1. A point within 2/3 of optimal. Let r € [0,1] be a real with ternary ex-
pansion .r17y.... Choose t = .t1t5... € C as follows. Let

. {0 if r,, € {1,2},

2 otherwise.

Then
2 ifr, =0,
T F+tn =<1 ifr, =1,
2 ifr, =2,

Since (0, %, %) is the limiting frequency probability vector for this sequence, the
constructive dimension of this sequence is dominated by the effective Hausdorff
dimension of the set of all sequences with this limiting frequency vector. By m,

Lemma 7.3], we have

1 2 1 1 2 2 2
di t} <ent 0,-,= | =—=zlogg= —-logg - =1— - -dimyC.
cdimpg{r +t} <en ropy( 3 3) 51083 3 — 3logs 5 3~ dimn
This shows that for every r, there exists some point in C 4 r whose constructive
dimension is at most 1 —(2/3) dimyg C. Next we construct points whose constructive
dimensions approach the 1 — dimyg C limit given in Theorem [Tl

2.2. Building blocks: achieving near the limit. We consider a more refined
example. Recall that 3C is the set of all ternary decimals in [0, 1] made from 0’s and
1's (and no 2’s), and take $Ej to be the set of ternary decimals in [0, 1] generated
from concatenated blocks in

Bs = {000, 002,021,110, 112}.
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So in particular %C is generated by concatenating the blocks
(2.1) C3 = {000, 001,010,011, 100,101,110, 111}.

By exhaustion, any ternary block of length 3 can be written as the sum of a member
of C3 plus a member of Bj (e.g. 020 = 002 + 011). Therefore £C + $E3 = [0,1],
and furthermore, as we shall see in (23,

1
edimp Bs < ~28° ~ 0.488324507.
log 27

The following are examples of optimal complementary block sets for each length
(in terms of size). These blocks are not unique: for each length k, there is more
than one smallest block set which can be added to the length k& analogue of )
in order to achieve all ternary numbers up to length k.

B = {Oa 1}7
By ={00,02,11},
B; = {000,002, 021,110,112},
B4 = {0000,0002,0011,0200,0202,0211, 1100, 1102, 1111},
Bs = {00000, 00002, 00021, 00112, 00210, 01221, 02012,
02110, 02201,10212,11010,11101, 11120, 11122}.
Note that By is just the product Bs x By and is still optimal. We wonder whether
products can be optimal for larger indices as well.
A set E C R is called computably closed if there exists a computable predicate
R such that € E <= (Vn) R(z [ n). We shall use the following combinatorial
lemma of Lorentz to prove that there exist sufficiently small complementary blocks

for each length whose members can be concatenated to achieve computably closed
sets with low effective Hausdorff dimension (Theorem ETI).

Lorentz’s Lemma (|[d]). There ezists a constant ¢ such that for any integer k, if
A C[0,k) is a set of integers with |A| > £ > 2, then there exists a set of integers
B C (—k,k) such that A+ B 2 [0, k) with |B| < k&L,

Although Lorentz’s Lemma as such does not appear explicitly in Lorentz’s origi-

nal paper, as mentioned in M], his argument in E, Theorem 1] proves the statement
above.

Theorem 2.1. There exists a uniform sequence of computably closed sets E1, Fo, . ..
such that
(1) 31C+ 1E, =10,1] for all n, and
(11) lim,— oo cdimyg E,, = 1 — dimyg C.
Proof. For k > 0, let
I, ={i:0<i<3"},
and let

Cr = {i:0<i< 3" and i has only 0’s and 1’s in its ternary expansion}

k—1
> 6;37:6;€{0,1}

Jj=0
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By Lorentz’s Lemma (applied to Cy), there exists a set By, C (—3%,3%) with
(2.2) I, CCL + By
satisfying

log (2’“) 3\ " 3\*
k _ _
card B, < ¢ - 3%. T cklog?2 (5) =ck (§> ,

where ¢’ is the constant from Lorentz’s Lemma and ¢ = ¢/ log2. Set
1 = ap, 1 — by,
50—{Z3man60k} and gEk—{; 3/€ b eBk}

Let z € [0,1] have ternary expansion

oo k—1 00 k—1
sy =33 -5 S e 3 (S ).
n=1 j=1 n=1 s=0 n=1 s=0

By [Z3), there exist sequences {a,} with members in Cj, and {b,} from Bj, such
that for all n > 1,

k—1
Z xnk753s =an + bn;
s=0
and therefore
1 1
€ -C+ =E},
;31971—’—231971 2 +2k

which proves part (T).

Define
log(card By,) <1— log2 logc+logk

log 3k - log 3 klog3
To prove part (11), we first note that cdimy(Ey) < . For every n > 0, we can
uniformly cover Ej with (card By)" intervals of size 3 - 375", Indeed, there are
card By, choices for each of the first n blocks in any member of Fj, and a closed
interval of length 3 - 37*" covers all possible extensions of each such prefix. Each
E}; is a computably closed set and we have:

(2.3) cH*(E},) < lim (card By)" - 37 - (37Fm)7 = 37,

Ve =

So, limsupy, .., dimg Ex < 1 — dimpC. Also, we have v, > dimp(FEy). Again,
applying the fact the Lipschitz map (x,y) — = + y doesn’t increase dimension [3,
Lemma 1.8] together with a bound on the dimension of a product set in terms of
the dimension of its factors (E, Product formula 7.3]) we have

(2.4) 1 =dimg(C+Ey) < dimg(C x Ey) < dimp C+dimy Ey = dimyg C+dimy Ey.

The leftmost equality of () follows from part (1) and the rightmost equality
follows from [, Example 3.3]. Thus part (11) holds. O

From the construction of the set Ej one would think that dimy Ey = % and
0 < H*(E)) < co. However, it is not clear that the similarity maps that one might
naturally use to generate the self-similar set E}, satisfy the open set condition, see
B] In fact, there are possible cases (e.g., when By, contains two consecutive numbers
and two numbers that differ by 3%) where we would get dimp Ey < 4.

We obtain immediately from Theorem EXT] the following:
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Corollary 2.2. For every real v € [0,2] and every € > 0, there exists a point in
C + r whose constructive dimension is less than 1 — dimy C + €.

Proof. Let E, be as in Theorem Bl with n large enough so that cdimy F,, <
1 —dimyC + ¢, and let r € [0,2]. Then 7/ = 2 —r € [0,2], and there are points
x€Candye E, such that xt +y =2 —r. Thus z +r € 2 — E,; hence

cdimp{z + r} < cdimpg(—F, +2) = edimg F,, < 1 —dimp C + €
as desired. ]

As we shall see in Section Bl we can even achieve a closed set E of effective
Hausdorff dimension 1 — dimy C satisfying 3C + 3 E = [0,1].

3. LOWER BOUND

In Section Plwe demonstrated the existence of points in the Cantor set which can-
cel randomness; we now show there are many such points. Instead of searching for
individual points with small dimension, we now characterize the Hausdorff dimen-
sion (and effective Hausdorff dimension) of all such points. We use Lorentz’s Lemma
again to upgrade Theorem Bl and Corollary Our upgrade proceeds in two
phases. The second phase occurs later in Section [ as it relies on the upper bound
results from Section @l Our procedure is the same as that used in M]

Definition 3.1. The density of a set A = {k1 < ko < k3 < ...} C N is defined to

be
density(A4) = lim card(A N {1,2,..., n}),

n—00 n

provided this limit exists.

We note that density(A4) = lim, . 7-. Below A[n] will denote the length n
prefix of A’s characteristic function and |x] is the integer part of z.

Theorem 3.2. Let 1 —dimpC < a <1 and let r € [0,1]. Then
dimyy [(C + ’I”) n Ega] >a—1+dimygC.

Proof. For a = 1, the theorem clearly holds. Thus assume

11—«
N dimHC - 07
and define
(3.1) A={ly/D]:yeN}

so that D = density(A4). Let Ca (Cz) be the set of x € [0,1] having a ternary
expansion whose digits are all 0 or 2, where the 2’s only occur at positions in A
(positions not in A).

Now

n n

log 2
08 _1:1—a.

dimp C4 < limsup og 301 = dimy C - lim sup k:

Since upper box counting dimension dominates Hausdorff dimension ﬂa, p. 43], we
also have dimg C4 < dimpC4 < 1—a. Asin ([Z3), the Lipschitz map (z,y) — z+y
does not increase dimension [3, Lemma 1.8], so dimg(Ca + C5) < dimp(Ca x Cx).
Since C = C4 + Cy, it follows from ﬂa Product formula 7.3] that

(3.2) dimyg C4 > dimg C — dimp C4 > dimg C + o — 1.
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We pause from the main argument to prove the following two lemmas. First we
exploit the special form of the set A.

Lemma 3.3. K(A[n]) <4logsn+ O(1).

Proof of LemmaE3 Let £ be the largest fraction with s < n such that % < %.
Notice if we know r, s, and n, we can compute A[n| because

{EJ = {EJ

D 5

for 1 <y < n. (To see this, notice that if v = || > 7Z, then ¥ <z < &. This
r

would give us ~ < % < %, contradicting maximality of Z.) Specifying 7, s, and n

requires a ternary string of length at most
n
(3.3) logs (5) +logsn + logg n + (2logg logs n + 1) + O(1),

where the “2logslogsn + 17 bits are used to mark the ends of the “logsn” bit
strings, and O(1) tells the universal machine how to process the input. The lemma
now follows by noting that 4logs n + O(1) is an upper bound for B3). O

Lemma 3.4. There exists a closed set E such that cdimy E < o and C4+F = [0, 2].

Proof of Lemma[3Z4) We follow the outline of our prior argument from Section B
The idea is to take E to be a set generated by concatenating elements from the
blocks By, B, Bs, ... as in Theorem ]
For each k > 0, let my = k2, let n;, denote the difference m;, — my_1, and let
I, ={i:0<i<3"}.
Let A be the set from [BI]), and define

Cr = {i € I : i has only 0’s and 1’s in its ternary expansion
and the 1’s only occur at positions in A — my_1}.
By Lorentz’s Lemma, there exists a set B, C (—3"#,3™) with
(3.4) I, CCy + By,
satisfying, for all e > 0 and all sufficiently large k,

log [2nk(D+E)] ny (D + 6)
fogne, 27 4 L g3, BV
card B, < ¢ -3 D=4 c-3 (D=9

where ¢’ is the constant obtained from Lorentz’s Lemma, ¢ = ¢’log2, and again
D = density(A). Let

%CA:{Z%ZGICEC]C} and %EZ{Z%:@CEB;@}.
k=1 k=1

The set E is closed since it is the countable intersection of closed sets. Let x € [0, 1]
with ternary expansion 0.zizexs.... By B4, there exist sequences {ay} with
members in Cy and {b;} from By such that for all k, Z;ﬁal Typ—i30 = ay + by,
and therefore

%) me %) nE—1 %) %)
€T 1 j Ak bk
=) D T gwm 2 tm =) gt D g
37 3k 3mk 3mk
k=1 j=my_1+1 k=1 j=0 k=1 k=1

is a member of € 1C4 + 1E. This proves Ca + E = [0,2].
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It remains to verify that cdimpg F < «a. Let € > 0, and let x € E. We want to
compute an upper bound on K(z | myg). To specify x | my, we can first specify
the sets B;, for j < k and then specify which element of By X --- x By, gives the
blocks of = [ my.

If we know A[my], we can determine the sequence of sets Bj, for j < k (just use
a brute force search to find the first B; as in the conclusion of Lorentz’s Lemma);
by Lemma B3 this requires a ternary string of length at most 4 logmy + O(1) (plus
an additional o(logs my) for starting and ending delimiters if desired). An element
of the known set By X --- X By can be specified by a ternary string of length at
most

k k

5 n](‘D + 6)
10g3HC8rdBj§10g3HC'3 W
j=1 j=1
Eni(D+e) (D + e)F - (my)*
= k10g30+mk +1Og3 Hlm S k10g3C+mk +1Og3 W
ji=

< klogs ¢ + k* + klogy (D + €) + 2klogs k — k*(D — €) dimy C.
(and again we can add O(log; my) for delimiters). Therefore,
K(x [ my) <E*[1 — (D — €)dimp C + o(1)] + 4logs my + O(logs my,)
= k?*[a + € - dimg C + o(1)],

and appealing to the Kolmogorov complexity definition for constructive dimension

[C3), we find
K(x | my)

my

cdim{z} < likm inf <a+e-dimgC.

It follows from (L)) that cdimpg F < « + € for every € > 0. O

Take E as in Lemma B4l and let F' = 2 — E. Then F' C €<, and F' —Cy =
2—(E+Ca)=10,2]. Fix r € [0,1] and let S =C N (F — r); it will suffice to show
that dimyg S > a — 1 4+ dimyg C.

Now for each z € C there exist unique points v € C4 and w € Cjz such that
v+ w = z; let p be the projection map which takes z € C to its unique counterpart
w € Cz. For each y € Cz we have r +y € [0,2] C F — Cy4, so there exists z € C4
such that r» +y € F' — x, which gives x +y € S since C4 +Cz = C. Thus p maps S
onto Cj. Since p is Lipschitz we have, using (B2,

(3.5) dimyg S > dimpCz > o — 1+ dimp C

because Lipschitz maps do not increase dimension ﬂa, Lemma 1.8]. Theorem
follows. O

Remark. The set E constructed in Lemma B4 has both Hausdorff dimension and
effective Hausdorff dimension «. Following the method of ([B2), we can establish
the following lower bound:

dimyg E > dimy[0,2] —dimpCa > 1+a —1=a.



10 RANDALL DOUGHERTY, JACK LUTZ, R. DANIEL MAULDIN, AND JASON TEUTSCH

4. UPPER BOUND

In this section we prove the following upper bound which matches the lower
bound of Theorem and Theorem BTl

Theorem 4.1. Let 1 —dimy C < a < 1. For every Martin-Léf random real T,
(41) dimg [(C—FT)ﬂgSa] <a-—1+dimgC.

Proof. The case o = 1 is trivial, so assume o < 1. Fix a computable v > o +
dimgC > 1, and let t = v — 1. Let f be defined as in (CH) and, as before, let
B = f71(C x £<4), so that the vertical fiber of B at z is B, = (C 4+ x) N E<4. To
prove Theorem BTl it suffices to prove the following lemma.

Lemma 4.2. For every Martin-Léf random real v, H'(B,.) = 0.

Let M? be the t-dimensional net measure in the plane induced by the net of
standard dyadic squares, and for each § > 0, let M’ be the d-approximate net
measure [{]. M! and MY are defined in the same way as H' and H} except that
the covers G from the definition in (3] consist exclusively of square sets of the

form
m m+1 n n+1
#) )
for integers k, m, and n. Hence for any set E, M%(E) > H{(E). Let £ = H! be
Lebesgue measure on the real line.
To prove Lemma 22, it suffices to show the following which is a “computable”
version of Marstand’s method below. Indeed any x which belongs to the left-hand

side of [2) for every m fails a Martin-Lof test and therefore cannot be Martin-Lof
random.

Lemma 4.3. Fiz ¢ > 0. There is a uniformly computable sequence of open sets
Uy, with LY(U,,) < 27™ such that for each m,

(4.2) {z:HY(B,) >c} C Upn.

Proof of Lemma[f.3 We may assume that ¢ is computable. Fix a uniformly com-

putable sequence of collections S, = {Sk;} of dyadic squares which for each k,

forms a 21/2 . %-mesh cover of B with

0'21/2
Z [Skl” < ok+1
SkinSk

We show the existence of such a sequence in Lemma EEAl For each k, let

A = {:17 : i ’(Sm)z‘t > c}
i=0

where (Sy,;), denotes the vertical fiber of Sy ; at x. The sets Ay are unions of
left-closed right-open dyadic intervals in a uniformly computable way. Since

HY(B,) >c = x¢€ ﬁ GAk,

m=1k=m

we shall see that it suffices to show £!(A4y) < 27k,



TRANSLATING THE CANTOR SET BY A RANDOM 11

Let ay,; = |S;m-|t and let
I, = {x: (z,y) € Sk, for some y}.

Each Ip; is a dyadic interval and |I; ;| = 27'/2|S.;|. Also, if * € Ay, then
> {iwely .} Ok > ¢ We now appeal to E, Lemma 5.7]:

Marstrand’s Lemma ([L1]). Let A C R, let {I,} be a d-mesh cover of A by
dyadic intervals, and let a, > 0 for all n. Suppose that for all x € A

Z an > c

{n:xel,}

for some constant c. Then for all s,
D anl|L|* > ¢ M3(A).

Applying Marstrand’s Lemma with s = 1, we have

c _
ST > 2 V2N 1Sk = > akillkal = ¢ My (Ag).

Sk,i €Sk {t:x€ly,;}

It follows that £!(Ay) < 27%=1. Thus, for each m, L}(US2, Ay) < 27™. Now
we may find uniformly computable open sets U,,, with

{x:H'(B,) >c} C G A CUp,

k=m

and L1(U,,) < 27™. O

For s € [0,1], a weak s-randomness test ﬂﬂ] is a sequence of uniformly c.e. sets
of open dyadic intervals Uy, Uy, Us, ... such that Zann 2517l < 277 for all n. We
will call a set E C R weakly s-random if E Z (1, Uy, for every weak s-randomness
test Uy, Uy, Us,.... We will need the following technical result in order to ensure
that the cover Si in Lemma B is sufficiently uniform:

Lemma 4.4. For every d > « there is a computable function (j, k,l) — Q1. ;
such that for all k and 1,

(1) {Q<kvl>7j}j is a 27 F-mesh cover of E<, by dyadic intervals, and
) d _
() 32520 Qe 5| < 27"

Proof of Lemma {4} Without loss of generality, we can assume that { > kd; prov-
ing the result for a larger [ only makes the second part of the lemma more true.
An inspection of B, Proposition 13.5.3] (and the proof of the theorem immediately
preceding it) reveals that for any s € [0, 1] and any set of reals F,

cdim E > sup{s: E is weakly s-random}.

Since cdimg(E<q) = a < d [10, Theorem 4.7], we have that £<, is not weakly d-
random. This means that there exists a uniformly c.e. collection of dyadic intervals
Ok ={Qy,; : j = 0} such that

(4.3) > Qe | <27
=0
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and each Qy; covers E<, which proves (11). It follows from (3 that for every jo,
’Q(k,l),jo’d < 27! and so

Q| <2714 <27F
as needed for (1). 0

Lemma 4.5. There exists a uniformly computable sequence of collections of dyadic
squares Sy which, for each k, form a 2'/2 . %—mesh cover of B with

.91/2
v C2
k

Proof of Lemma -3 Write v = s+ d, where s > dimy C and d > «. Let Gj, be a
uniformly computable mesh cover of C by dyadic intervals of length 27% such that
for each k, card(Gy) < 2°F and, let Q. = {Qupy,; J = 0} as in Lemma B4l Form
the uniformly computable sequence of square covers:

Ly ={GxQ:Q¢€ Qxyand G €G_155/0|}-
Then, using card[G_ 105 |q(] < [Q|° for all Q € Quy,

YR = > 1GxQ =2 Y QI card [G- 15101

Xelk, REQy, QEQk 1
GE9_10g|Q
<22 3 QI <2
QEQk,

Let f be the Lipschitz mapping ([CH) whose inverse map does not increase diameter
by more than a factor of v/2 and maps T'x; onto B for all k and I. For every
k, let m(k) be sufficiently large so that 27™(*) is less than ¢/2*t!. Now form
the collection Sy, by taking, for each X € 'y (1), the two dyadic squares which
together cover the sheared dyadic square f~!(X). Then the Sy’s form a uniformly
computable sequence of square covers which achieves the desired bounds. O

This concludes the proof of Theorem BTl O

Remark. In contrast to the lower bound in Theorem which holds for all reals
in [0,1], the upper bound in Theorem Bl indeed requires some hypothesis on r.
Indeed if 7 = 0 and dimy C < o < 1 satisfied {Jl), we would have

dimy € = dimg [(C +0) N €<q] < o — 1+ dimy C < dimy C,

a contradiction.

5. LOWER BOUND II

We modify the proof of Theorem to obtain a stronger result for the case of
Martin-Lof randoms:

Theorem 5.1. Let 1 — dimpC < a < 1 and let r € [0,1] be Martin-Léf random.
Then
dimy [(C + T‘) n 5:a] =a—1+dimgC.
Moreover,
HoHAmEC (0 1)y N E_,] > 0.
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Proof. Fix an « satisfying 1 — dimgC < a <1, and let A, Ca, Cz, E, F, and S be
as in the proofs of Theorem B2 and Lemma B4l For z € R, let
Ns(z)={y e R : |z —y| < d}.
We shall make use of the following result from Mattila’s book:

Theorem 5.2 ([1], Theorem 6.9). Let yu be a Radon measure on R™, E C R™,
0<A<oo, and a>0. If

i K
imsup

§
s—o  (20)>
@ (E)
for all x € E, then H*(E) > 52

Lemma 5.3. Ho~1HdimucC ) > 0.

Proof of LemmaliZ3d Since the case o = 1 — dimp C is trivial, we assume o >
1—dimgC. Let 8 = a—1+dimg C. Since A = {|y/D] : y € N} where D = dilr;—;C7
we have A = {u; < up < uz < ...}, where lim,, % =1—D. In fact, the careful
choice of the set A lets us make a stronger statement about the numbers wu,,: there
is a fixed number ¢ such that u, < (n+t)/(1 — D) for all n. For each finite
binary string ¢ = 0103 ...0y, let I(0) be the closed interval of ternary expansions

x = 0.x122 . .. satisfying

or if p = uy for some k < n, and
XTrn =
P 0 ifp<u,andpé{uy,...,u,}.

Define a probability measure p on [0, 1] by requiring
1
N[I(U) N CA] = 2[length of o] *

Since p is a bounded Borel measure supported on the compact set C 7, p is a Radon
measure; hence Theorem applies. For 6 > 0, let f(d) be the least index such
that 6 > 37%©®. Let

1
x =.000- - 002,000 - - - 002,000 - - - 00z, (5000 - - - € §CA’

and let J = I[2y, Tu, - -+ Tuy, ). Then x € J and the length of the closed interval
Jis 371 < 4. So J C Ns(x). Now the length of each interval I[oy ---0f(5)-1]
is 37w@-1 > §, so Ns(z) can intersect no more than 4 of these non-overlapping
intervals. Therefore u[Ns(z)] < 4-2=(@)=1 Tet ¢ =1 — D. Then

plNs(@)] _4-27U0-D 8 (300 g 3p Lot
(26)F ~ (2.3 w®)f ~ 26\ 2f(®) ) = 28" 27 (5) ‘
Thus
limsu M < limsup8 i &/c " =38 &t/c
5ﬁop (20)F  — 5ﬁop 268 2 B 20 7
and hence by Theorem B, we have H” (3C4) > 37?/6. It follows that HY~1+dimuC(C 1) =
HB(CA) > 0. 0

Lemma 5.4. Ho~1HdmaC[(C 4 )N Ec,] > 0.
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Proof of Lemma[pj Let S =C N (E —r). By Lemma B E C £<,, and so it
suffices to show that He~1+dimuC(§) > (. Retracing the argument of Theorem 2
down to B3), we get dimyg S > a — 1 4 dimyg C. Furthermore, as we now argue,

(5'1) Ha—l-i—dimHC(S) Z o .Ha—l-i-dimH C(CA) >0

for some constant g, > 0. The strict inequality in (&) follows from Lemma
For the nonstrict inequality, we again appeal to [, Lemma 1.8] and the fact that the
projection map from C to C4 is Lipschitz. E, Lemma 1.8] states that, up to some
constant factor, a Lipschitz map does not decrease H® measure. This is slightly
stronger than what we used before in Theorem B namely that a Lipschitz map
cannot increase dimension. (]

Using the assumption that r is Martin-Lof random, we next obtain the following:
Lemma 5.5. He - 1HdmuC[(C 4 rynE ] =0.

Proof of LemmalZZl The case « = 1 —dimy C follows from Theorem [Tl so assume
a > 1—dimgC. By Theorem Bl for any v with 1 — dimy C < v < «, we have

dimH [(C+T) ﬂgg,y] §7—1+dimHC<a—1+dimHC.

Since £, is the countable union of sets F<, for a sequence of v’s approaching o
from below, the theorem follows. O

Combining Lemma 4] with Lemma 20, we find that
HoTIHdmEC (0 4y g, ] = HOTmEC[(C 1) N (Ecy — E<a)] > 0,
whence we conclude the desired theorem. 1

Combining Theorem BTl with Theorem and Theorem ET] yields our final
result:

Corollary 5.6. For any « satisfying 1 —dimpg C < « < 1, and for any Martin-Lof
random r € [0, 1], we have

dimyg [(C+r) N €=y] = dimy [(C+7) N E<a] = a— 1+ dimp C.

REFERENCES

[1] Krishna B. Athreya, John M. Hitchcock, Jack H. Lutz, and Elvira May-
ordomo. Effective strong dimension in algorithmic information and com-
putational complexity.  SIAM J. Comput., 37(3):671-705 (electronic),
2007. ISSN  0097-5397. doi:  10.1137/S0097539703446912. URL
http://dx.doi.org/10.1137/S0097539703446912.

[2] Jin-yi Cai and Juris Hartmanis. On Hausdorff and topological dimensions
of the Kolmogorov complexity of the real line. Journal of Computer and
System Sciences, 49(3):605-619, 1994. ISSN 0022-0000. doi: DOI:10.1016/
S0022-0000(05)80073-X. 30th IEEE Conference on Foundations of Computer
Science.

[3] Rodney G. Downey and Denis R. Hirschfeldt. Algorithmic randomness and
complezity. Theory and Applications of Computability. Springer, New York,
2010. ISBN 978-0-387-95567-4.

[4] P. Erdés, K. Kunen, and R. Daniel Mauldin. Some additive properties of sets
of real numbers. Fund. Math., 113(3):187-199, 1981. ISSN 0016-2736.


http://dx.doi.org/10.1137/S0097539703446912

[5]

(6]

[15]

[16]

[17]

[18]

TRANSLATING THE CANTOR SET BY A RANDOM 15

K. J. Falconer. The geometry of fractal sets, volume 85 of Cambridge Tracts
in Mathematics. Cambridge University Press, Cambridge, 1986. ISBN 0-521-
25694-1; 0-521-33705-4.

Kenneth Falconer. Fractal geometry. John Wiley & Sons Inc., Hoboken, NJ,
second edition, 2003. ISBN 0-470-84861-8. doi: 10.1002/0470013850. URL
http://dx.doi.org/10.1002/047001385C. Mathematical foundations and
applications.

L. A. Levin. The concept of a random sequence. Dokl. Akad. Nauk SSSR, 212:
548-550, 1973. ISSN 0002-3264.

Ming Li and Paul Vitdnyi. An introduction to Kolmogorov complexily and
its applications. Texts in Computer Science. Springer, New York, third edi-
tion, 2008. ISBN 978-0-387-33998-6. doi: 10.1007/978-0-387-49820-1. URL
http://dx.doi.org/10.1007/978-0-387-49820-1.

G. G. Lorentz. On a problem of additive number theory. Proc. Amer. Math.
Soc., 5:838-841, 1954. ISSN 0002-9939.

Jack H. Lutz. The dimensions of individual strings and sequences. Inform. and
Comput., 187(1):49-79, 2003. ISSN 0890-5401. doi: 10.1016/S0890-5401(03)
00187-1. URL http://dx.doi.org/10.1016/S0890-5401(03)00187-1

J. M. Marstrand. The dimension of Cartesian product sets. Proc. Cambridge
Philos. Soc., 50:198-202, 1954.

Per Martin-Lof. The definition of random sequences. Information and Control,
9:602-619, 1966. ISSN 0890-5401.

Pertti Mattila. Geometry of sets and measures in Euclidean spaces, vol-
ume 44 of Cambridge Studies in Advanced Mathematics. Cambridge University
Press, Cambridge, 1995. ISBN 0-521-46576-1; 0-521-65595-1. doi: 10.1017/
CB09780511623813. URL http://dx.doi.org/10.1017/CB09780511623813.
Fractals and rectifiability.

Elvira Mayordomo. A Kolmogorov complexity characterization of
constructive Hausdorff dimension. Inform. Process. Lett., 84(1):1-3,
2002.  ISSN 0020-0190. doi: 10.1016/S0020-0190(02)00343-5. URL
http://dx.doi.org/10.1016/S0020-0190(02)00343-5.

Jan Reimann. Computability and Fractal Dimension. PhD thesis, University
of Heidelberg, December 2004.

Robert 1. Soare. Recursively enumerable sets and degrees. Perspectives in
Mathematical Logic. Springer-Verlag, Berlin, 1987. ISBN 3-540-15299-7. A
study of computable functions and computably generated sets.

Kohtaro Tadaki. A generalization of Chaitin’s halting probability 2 and halting
self-similar sets. Hokkaido Math. J., 31(1):219-253, 2002. ISSN 0385-4035.
William P. Ziemer. Modern Real Analysis. Second edition, 2004. URL
http://www.indiana.edu/~mathwz/PRbook.pdf.


http://dx.doi.org/10.1002/0470013850
http://dx.doi.org/10.1007/978-0-387-49820-1
http://dx.doi.org/10.1016/S0890-5401(03)00187-1
http://dx.doi.org/10.1017/CBO9780511623813
http://dx.doi.org/10.1016/S0020-0190(02)00343-5
http://www.indiana.edu/~mathwz/PRbook.pdf

16 RANDALL DOUGHERTY, JACK LUTZ, R. DANIEL MAULDIN, AND JASON TEUTSCH

CCR~LA JoLrA, 4320 WESTERRA COURT, SAN DIiEGO, CA 92121
E-mail address: rdough@ccrwest.org

IowA STATE UNIVERSITY
E-mail address: lutz@cs.iastate.edu

UNIVERSITY OF NORTH TEXAS, DENTON,TX 76203
E-mail address: mauldin@unt.edu

RUPRECHT-KARLS-UNIVERSITAT HEIDELBERG
E-mail address: teutsch@math.uni-heidelberg.de



	1. Fractals and randoms
	2. Some points cancel randomness
	2.1. A point within 2/3 of optimal
	2.2. Building blocks: achieving near the limit

	3. Lower bound
	4. Upper bound
	5. Lower bound II
	References

